The large number of degrees of freedom in the design of piezoelectric transducers requires a theoretical model that is computationally efficient so that a large number of iterations can be performed in the design optimisation. The materials used are often lossy, and indeed loss can be used to enhance the operational characteristics of these designs. Motivated by these needs, this paper extends the one-dimensional Linear Systems Model to incorporate frequency dependent elastic loss. The reception sensitivity, electrical impedance and electromechanical coupling coefficient of a 1-3 composite transducer, with frequency dependent loss in the polymer filler, is investigated. By plotting these operating characteristics as a function of the volume fraction of piezoelectric ceramic an optimum design is obtained. A device with a non-standard, high shear attenuation polymer is also simulated and this leads to an increase in the electromechanical coupling coefficient. A comparison with finite element simulations is then performed. This shows that the two methods are in reasonable agreement in their electrical impedance profiles in all the cases considered. The plots are almost identical away from the main resonant peak where the frequency location of the peaks are comparable but there is in some cases a 20 percent discrepancy in the magnitude of the peak value and in its bandwidth. The finite element model also shows that the use of a high shear attenuation polymer filler damps out the unwanted, low frequency modes whilst maintaining a reasonable impedance magnitude.
Introduction
This objective of this paper is to extend the Linear Systems Model (LSM) of piezoelectric ultrasonic transducers by incorporating frequency dependent elastic loss. This then facilitates a discussion of high shear attenuation fillers for composite designs and also a comparison with results from a finite element model (FEM). The motivation stems from the use of such models in the rapid prototyping of these transducers and the fact that the materials used are lossy, and indeed loss can be used to enhance the operational characteristics of the design.
The large number of degrees of freedom in such designs require a model that is computationally efficient so that a large number of iterations can be performed in a design optimisation. The methodology is therefore to derive and implement an LSM with elastic loss and, in order to gauge the effect that this frequency dependent loss has on the operational characteristics of composite piezoelectric transducers, present a series of model simulations. The effect that frequency dependent loss in a standard polymer filler has on the transmission sensitivity, electrical impedance and electromechanical coupling coefficient is described. An anisotropic passive phase material is also analysed, along with the effect of varying the volume fraction (i.e. the device architecture) of the ceramic phase. Finally a comparison between this approach and a Finite Element Method (FEM) is discussed.
Composite transducers composed of a piezoelectric ceramic and a passive polymer phase provide better electromechanical coupling and acoustic impedance characteristics than conventional single phase transducers [1] . For the transducer to operate efficiently it is required that the acoustic impedance of the piezoelectric component (Z c ) matches, as well as is possible, the acoustic impedance of the load medium (Z L ). A closer acoustic impedance matching with the load medium reduces internal wave reflection at the front face of the transducer.
Typically the load medium has a far lower impedance than the piezoelectric ceramic and so the inclusion of a low mechanical impedance polymer in a com-posite piezoelectric component serves to enhance the energy transfer. Ideally a single longitudinal mode in the thickness direction will drive the transducer in a piston like fashion. Other modes, propagating in other directions, can interfere with this behaviour and hence it is of interest to theoretically predict the design criteria, material parameters, etc. that will ensure a large frequency band gap between the desired thickness mode and these other waves. This will enhance the amplitude and bandwidth of the transmission and reception sensitivity.
Linear Systems Modelling
For thickness mode transducers, the dynamics can be approximately described by a one-dimensional model. By coupling the piezoelectric constitutive equations with the one-dimensional wave equation for the mechanical displacement, the LSM can be derived [2] . In a series of papers, the dependency of both the reception and transmission characteristics of the transducer on its physical parameters has been investigated using a systems block diagram approach [3, 4, 5] .
Composite transducers are typically manufactured by slicing the piezoelectric ceramic into a bristle block of vertical pillars and then filling the inter-pillar space with a passive polymer. When the ceramic has a connectivity in only one direction whilst the polymer has connectivity in all three directions, this topology is described as 1-3. Alternatively, a 2-2 composite is made by cutting the ceramic longitudinally in only one direction so that there is connectivity in two directions for both the ceramic and polymer.
In order to utilise the LSM the effective properties of the 1-3 composite transducer must be derived. The piezoelectric constitutive equations are reduced to a one-dimensional caricature of the composite [6] and then the electrical impedance of the device (Z T ) is given by
where p is the Laplace variable, C 0 = A r¯ 33 /L is the (clamped) capacitance of the piezoelectric component of the device (L is its thickness, A r is its cross-sectional area,¯ 33 is its effective permittivity), h 33 =ē 33 /¯ 33 is its effective piezoelectric The force produced at the front face of the transducer (F F ) is maximised at the electrical resonant frequency (f e ) which coincides with the first minimum in the electrical impedance plot (absolute value) when viewed as a function of frequency. The general transfer function relating the stress wave generated into the load medium to the input voltage (V s ) is the transmission sensitivity given by
where
, the transducer is placed in parallel with an electrical load impedance Z E and the combination is placed in series with an electrical load impedance Z 0 . A similar derivation can be performed for the reception mode to
give the reception sensitivity; the ratio of the received voltage to the magnitude of the incident force
where U = pC 0 b/(1 + pC 0 b). When in response mode the aim is to maximize the voltage resulting from a force at the front face, and this occurs at the mechan-ical resonant frequency (f m ). Finally, a measure of the efficiency with which the transducer converts electrical energy to mechanical energy is given by the electromechanical coupling coefficient k [2] . In equation (1) .
Incorporation of Elastic Loss
In this paper a frequency dependent, elastic loss mechanism is incorporated into the passive phase. To illustrate the approach, the shear modulus G = c s 44 is considered; the Bulk and Young's moduli (Y ) can be treated in a similar fashion.
The elastic loss is introduced via the complex expression [7] 
G r is the relaxed shear modulus, G u is the unrelaxed shear modulus, ω is the angular frequency and τ G is the shear relaxation time. The degree of loss can be expressed in terms of a dimensionless loss tangent tan δ [7] , or an attenuation coefficient α G (Nepers/m) [8] , where
and a Taylor series expansion relates the two expressions via
where c G is the (measured/real part of the) shear wave velocity. To find τ G , G u and G r , the attenuation coefficient and the wave speed must be measured over a range of frequencies. Using basic calculus an expression for the frequency where tan δ achieves its maximum (ω max ) can be derived. It can then be shown that
where ω I is the particular frequency where the real part of the shear modulus
2 ) is experimentally determined. Further analysis shows that
and
(12) Table 1 shows the values that were obtained using these equations for a standard polymer used in ultrasonic transducer design. The remaining coefficients of the elastic modulus tensor are then given by c 
Results
In order to gauge the effect that frequency dependent loss has on the operational characteristics of composite piezoelectric transducers a series of model simulations are now presented. In the first section the effect that frequency dependent loss in a standard polymer filler has on the transmission sensitivity, electrical impedance and electromechanical coupling coefficient is investigated.
A Hardset Passive Phase (HY1300/CY1301)
In this section a piezoelectric composite transducer composed of a hardset polymer filler material (see Table 1 ), a backing material (see Table 2 ) and a ceramic 
Unrelaxed shear modulus
Relaxed shear modulus G r (kgm
Young's relaxation time τ Y (s) 4.91 × 10 −7 Table 1 : Physical properties of the polymer phase HY1300/CY1301 Hardset [9] .
phase PZT5H (see Table 3 ) is investigated.
-
Constant Units Value
Transducer thickness L m 6 × 10
Backing material impedance
Front material impedance Z 2 Rayls 1.5 × 10 6 Table 2 : Physical properties of the transducer
In Figure 1 (a) the electrical impedance of the device, given by equation (1), is plotted as a function of the driving frequency. The effect of incorporating frequency dependent loss into the model can be seen by comparing the no loss case (dashed line) with the loss case (full line). It can be seen that introducing loss for these materials has had very little effect on the profile except at the mechanical resonant frequency. Here there is a decrease of around ten percent in the magnitude of the electrical impedance although its frequency (the mechanical resonant frequency) remains constant. This reduction in amplitude gives rise to a ten percent increase in the bandwidth. In Figure 1 (b) the associated transmission sensitivity, given by equation (2) is plotted. The addition of the elastic loss does not affect the profile except at the third harmonic whose peak value is reduced by ten percent. In Figure 3 (a) the reception sensitivity frequency profile, given by equation 
23.30
Piezoelectric stress coefficient e 31 C m −2 −6.50 Table 3 : Physical properties of the ceramic phase PZT5H [10] . (3), is plotted against the ceramic volume fraction. As the ceramic volume fraction decreases the resonant frequencies also decrease. Since the mechanical impedance decreases as the volume fraction of the polymer increases, then the wave velocities decrease along with the associated resonant frequencies. It can also be seen that the magnitude of the reception sensitivity increases as the polymer phase is slowly introduced to the pure ceramic (ψ = 1). In Figure 3 
An Anisotropic Passive Phase
In this section the transmission and reception characteristics of a 1-3 composite transducer, with an anisotropic passive phase featuring high shear attenuation, are investigated; the shear attenuation in the supporting matrix is three orders of magnitude larger than in the previous section. One possible approach to realising such a material would be to use a high shear loss polymer phase embedded with spherical particles that are spatially aligned in linear columns.
In the direction parallel to the ceramic pillars this alignment creates a striated effect whereas, perpendicular to this direction, the material consists of randomly arranged columns set in the supporting matrix. The frequency dependent elas-tic loss for the Young's (Y ) and shear (G) moduli are calculated independently for both the inclusions and the supporting matrix. Although the LSM is onedimensional, the anisotropy in the passive phase does affect the calculation of the effective material properties, particularly because of the high shear attenuation. The effective properties of the passive phase are then calculated using mixing rules for parallel and series arrangements [11] . function of the ceramic volume fraction. As before, the addition of the polymer serves to increase the amplitude of the main lobe. As the volume fraction of the ceramic decreases the main peak disappears and the device no longer displays the desired resonant behaviour.
Comparison to Finite Element Modelling
In Figure 7 the LSM is compared to FEM [12] by examining the impedance characteristics of a range of 2-2 composite transducers, all with thickness 3.8 × Table 1 are specific examples of the high shear attenuation materials discussed in the previous section. For comparison purposes plot (a) shows the response when using the hardset polymer which has a low shear attenuation (see Table 1 ).
The oscillations in electrical impedance at the lower frequencies in plot(a) represent the undesirable low frequency modes which interfere with the piston- Table 6 : Physical properties of the passive phase materials.
Constant
like motion of the device. It is necessary to use a higher dimensional model, such as the FEM used here, to display these modes; the one-dimensional LSM method has a smooth impedance curve at these frequencies. The two methods do agree on the magnitude and trend of the curve in this low frequency region. However, the LSM prediction of the electrical impedance magnitude at the first peak (the a softset polymer filler is used which has high shear and longitudinal attenuation (see Table 5 ). This has damped out the unwanted, low frequency modes but there may well be a decoupling of the ceramic and polymer phases. This would subsequently inhibit its ability to transfer energy into the load medium and this explains the drop in the peak electrical impedance that can be seen.
Here there is better agreement between the two methods on the magnitude of the first peak impedance, although the frequency discrepancy remains. In plot (c) a material with a high shear attenuation (three orders of magnitude larger than the standard hardset filler) and a relatively low longitudinal attenuation (about two orders of magnitude smaller than the shear attenuation) is modelled (see Table 5 methods; the curves are almost identical away from the resonant peak, the frequency location of the peak is comparable but there is roughly a 20 percent discrepancy in the magnitude of the peak value and in its bandwidth. Material D has a reduced degree of attenuation from these materials but it is slightly stiffer (both the Young's and shear moduli are doubled, see Table 6 ). Although there is still good agreement between the two methods around the resonant mode, this is less true at the lower frequencies. The FEM predicts a lowering of the impedance in this range and this may well be due to some decoupling between the polymer and ceramic phases.
In this paper the linear systems model (LSM) of a 1-3 composite piezoelec- A hypothetical material was proposed which is composed of spherical inclusions suspended in a softer supporting matrix. In the direction parallel to the ceramic pillars the inclusions are aligned to create a striated effect whereas, perpendicular to this direction, the material consists of randomly arranged columns set in the supporting matrix. Although the LSM is one-dimensional, the anisotropy in the passive phase does affect the calculation of the effective material properties, particularly because of the high shear attenuation. The effective properties of the passive phase were calculated using mixing rules for parallel and series arrangements. Due to the high shear attenuation in this polymer there was a reduction in the impedance amplitude and a shift in the mechanical resonant frequency to a lower value. The LSM model was then compared to a finite element model (FEM) by examining the impedance characteristics of a range of high shear attenuation, 2-2 composite transducers. The two methods showed reasonable agreement in all the cases considered; the plots were almost identical away from the resonant peak, the frequency location of the peaks were comparable but there was in some cases a 20 percent discrepancy in the magnitude of the peak value and in its bandwidth. The FEM showed that the use of a high shear attenuation polymer damps out the unwanted, low frequency modes whilst maintaining a reasonable impedance magnitude.
